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Abstract
Blanchet, Habegger, Masbaum and Vogel defined a quantization functor on a category whose
objects are oriented closed surfaces together with a collection of colored banded points and a p1-
structure. The functor assigns a module Vp(Σ) to each surface Σ. This assignment satisfies certain
axioms. For p even, it satisfies the tensor product axiom, which gives the modules associated to a
disconnected surface as the tensor product of the modules associated to its components. We show
that the p odd case satisfies a generalized tensor product formula. The notion of a generalized tensor
product formula is due to Blanchet and Masbaum. We let V̂p(Σ) denote Vp(Σq Ŝ2), where Ŝ2 is
a sphere with one banded point colored p − 2. The generalized tensor product formula expresses
Vp(Σ1 q Σ2) in terms of Vp(Σ1), Vp(Σ2), V̂p(Σ1) and V̂p(Σ2). We reduce the calculation of
V̂p(Σ) to known results, and calculate V̂p(Σ) explicitly in many cases. Ó 1999 Elsevier Science
B.V. All rights reserved.
Keywords: Banded link; Corbodism category; (Generalized) tensor product axiom; TQFT;
Admissible coloring; Recoupling theory; Fusion; Kauffman module
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1. Introduction
A Topological Quantum Field Theory (TQFT) is a functor, from a cobordism cate-
gory to a category of modules, satisfying certain axioms. These axioms were given by
Atiyah [1]. A cobordism category in dimension, say 2 + 1, has objects consisting of
surfaces with certain structure. The morphisms from Σ1 to Σ2 are, loosely speaking,
3-dimensional cobordisms between Σ1 and Σ2. See [2,5]. A TQFT then assigns a mod-
ule V (Σ) over a fixed ring to each object Σ. To each morphism M , from Σ1 to Σ2,
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it assigns ZM , a linear map from V (Σ1) to V (Σ2). The letter V probably stands for
vector space as TQFTs over fields were first considered. The letter Z is sometimes used
in physics to denote a partition function.
The notion of a TQFT first arose in physics. The TQFTs we will be studying are related
to those found by Witten in his interpretation of the Jones polynomial [12]. Witten’s work
was not rigorous in the mathematical sense. Subsequently, several rigorous approaches to
the subject have been given. Blanchet et al. [2] defined a series of quantization functors
(Vp, Zp) of certain (2 + 1)-dimensional cobordism categories. The objects are surfaces
with a p1-structure and a collection of framed colored points. The modules are over a
ring kp. See also [11]. The colors are nonnegative integers less than p−1. Here p denotes
any integer greater than two. They also describe theories for p = 1 and p = 2 but these
have special features and so we do not consider them. In [2], Vp is shown to be a TQFT
if p is even. This is also shown if p is odd and we restrict ourselves to the category
Cp12 (even) whose objects are surfaces whose “colorsum” is even. By colorsum, we mean
the sum of the colors of the link components on a surface. It is believed that the p > 4
even case reconstructs Witten’s theory for SU(2), while the p > 3 odd case reconstructs
his theory for SO(3) [2, 1.17].
One of the axioms that a TQFT is required to satisfy is the tensor product axiom.
The tensor product axiom says that the module associated to a disjoint union of surfaces
should be naturally isomorphic to the tensor product of the modules of the individual
surfaces. [2] showed the tensor product axiom holds if p is even or if one of the surfaces
has even colorsum. Here the colorsum of a surface is simply the sum of the colors on
the framed points of the surface. We will call a surface odd (respectively even) if its
colorsum is odd (respectively even).
The rank of Vp((S2, p− 2) q (S2, p− 2)) is one for p > 3 odd, where k denotes k
points each colored one, although Vp(S2, p− 2) is zero [2]. Although Blanchet et al. [2]
give many results on Vp(Σ), they do not discuss the calculation of Vp(Σ) for Σ dis-
connected where each component has odd colorsum and p is odd (other than the above
mentioned counterexample). The calculation of Vp(Σ) in these circumstances is the sub-
ject of this paper.
From now on we will assume p is odd and greater than one. We were originally
motivated to begin this study by an early version of [5]. Gilmer proposed several methods
for studying links in S1×S2 with odd winding numbers. One of these required that one
first understand Vp(Σ) for the disjoint union of two 2-spheres with odd colorsum. Gilmer
suggested we study this problem. In Spring 1994, we first made some explicit calculations
of Vp((S2, k)q (S2, l))⊗ fp for k, l 6 p+ 2. Here fp is the field of fractions of kp. The
proofs given below for these results are more elegant and efficient than our first methods.
Next we were influenced by the announcement [10] of work by Blanchet and Mas-
baum [3]. They defined certain spin TQFTs for surfaces and cobordisms with spin struc-
tures. These TQFTs also failed to satisfy the tensor product axiom. However, Blanchet
and Masbaum introduced the notion of a generalized tensor product formula and showed
that their spin theories satisfied this formula. A special role is played by a single special
object Ŝ of the cobordism category in this formula. For the spin theory indexed by 8k,
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Ŝ is taken to be a 2-sphere with a single point colored 4k − 2. We were able to prove
that Vp on the colored cobordism category Cp12 of [2] also satisfies the tensor product
formula. We found that Ŝ should be taken to be a 2-sphere with a single point colored
p− 2. We will denote this by Ŝ2.
Our argument is similar to that used in [3] to prove the generalized tensor product
formula for the spin theories. A proof completely parallel to that given in [3] may also
be used to prove our result. The proof we give is based on the proof that we first found
in the Spring and early Summer of 1994 after we had seen [10] but before [3] was
available to us. However, our original proof did not use the technique of fusion. The use
of fusion makes the proof more concise. Our original proof was based on a proof, for the
tensor product axiom in the p even case, given by Gilmer in the LSU Topology Seminar
in Spring 1994. We have not completely digested the language of Morita equivalence
of algebroids used to prove the tensor product axiom in [2]. It seems likely that the
generalized tensor product formula also follows naturally from the material in [2].
Using Theorem 3.1, the question of determining the rank of Vp(Σ1 qΣ2) for Σ1 and
Σ2 odd is reduced to determining the rank of V̂p(Σ1) and V̂p(Σ2). Here V̂p(Σ) = Vp(Σ q
Ŝ2). Theorem 4.1 shows that V̂p(Σ, `) is isomorphic to Vp(Σ, ` q p− 2). Here (Σ, `)
denotes a surface Σ together with a banded link `. The analog of Theorem 4.1 for spin
theories is given in Lemma 16.1 [3]. Theorem 4.1 was used together with Theorem 4.13
[2] to further reduce the determination of the rank of V̂p(Σ) to a combinatorial problem
of counting the admissible colorings of trivalent graphs. In this way we were able to
determine the rank of V̂p(S2, k) for k > 0 and odd.
Our work is arranged in the following manner: we first introduce the background
material in Section 2. This includes Temperely–Lieb algebra, quantum invariants of
3-manifolds, definitions of a quantization functor and various theorems which are used in
the paper. In Section 3 we give the generalized tensor product formula for odd surfaces.
We calculate V̂p(Σ) explicitly for some surfaces in Section 4.
This paper represents part of my dissertation [4].
2. Background
2.1. Kauffman module and Temperley–Lieb algebra
For simplicity, we will always work over the ring kp defined by [2]:
kp = Z
[
1
d
,A, κ
]
/
(
ϕ2p(A), κ
6 − µ),
where ϕ2p(A) is the 2p-cyclotomic polynomial in the indeterminant A and
µ = A−6−p(p+1)/2 and d =
{
p for p 6= 3,
1 for p = 3.
Let M be a compact oriented 3-manifold. A banded point on a surface is an arc on the
surface. Let ` be a banded link in ∂M (` is a collection of banded points). A banded link
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(i) = A +A−1
(ii) ∪ = δ
Fig. 1.
in M will be a collection of disjoint embedded oriented surfaces which are diffeomorphic
to the product of a 1-manifold with an interval and meet the boundary at the banded
points.
The Kauffman module of M , written K(M, `), is defined to be the kp-module gen-
erated by the set of isotopy classes (rel∂M ) of banded links L in M meeting ∂M
transversally in ` and quotiented by the Kauffman relations (Fig. 1). By convention a
line always represents a band perpendicular to the plane. In (i), we have three links in M
which differ locally (inside a 3-ball) as shown and in (ii) we have an unknotted banded
link contained in a 3-ball that is disjoint from L. Here δ = −A2 −A−2.
Consider K(D2 × I, `2n) where `2n is 2n banded points. K(D2 × I, `2n) is turned
into an algebra, TLn, the nth Temperley–Lieb algebra by multiplying diagrams via
juxtaposing cylinders. As an algebra, TLn is generated by 1, e1, e2, . . . , en−1 shown in
Fig. 2. The diagram on the left represents 1 and the diagram on the right represents ei.
Fig. 2.
Here an integer k next to line denotes k strands parallel to that line. Consider the
following maps: T : TLn → K(S1 × D2). T (e) is given by the closure of the link
diagram e in S1 × D2. Consider also P :K(S1 × D2) → K(S3). P (f) is given by
embedding S1 × D2 in S3 and thus regarding f as a link diagram in S3. K(S3) is
one-dimensional [6] and can thus be identified with kp. Let Tr : TLn → K(S3) be the
composition of the two maps.
We now give a lemma that gives properties of the Jones–Wenzl idempotents f (n) [8].
Lemma 2.1. If 1 < n 6 p − 1, then there exists f (n) ∈ TLn, the idempotent of TLn,
such that:
(i) f (n)ei = 0 = eif (n) for 0 6 i 6 n− 1;
(ii) f (n) − 1 belongs to the algebra generated by 1, e1, . . . , en−1;
(iii) f (n)f (n) = f (n);
(iv) ∆n = (−1)n(A2(n+1) −A−2(n+1)/(A2−A−2)), where ∆n = Tr(f (n)).
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Following Lickorish [8], we will denote the idempotent f (k) by Fig. 3. The properties
in Lemma 2.1 lead to the property of idempotents shown in Fig. 4.
Fig. 3.
Fig. 4.
2.2. Quantum invariants and topological quantum field theories
The material in this section is from the work of Blanchet, Habegger, Masbaum and
Vogel [2,11,10]. By a 3-manifold with structure, we mean a 3-manifold together with a
banded link and a p1-structure. There exists a series of invariants 〈 〉p on the set of closed
oriented of 3-manifolds with structure taking values in the ring kp. The description of
3-manifolds by means of surgery on framed links in a 3-sphere S3, together with the
equivalence of such links under the moves of the Kirby Calculus, is used to define this
invariant.
Theorem 2.2 [2]. The invariants satisfy the following properties:
(i) (Multiplicativity)
〈M1 qM2〉p = 〈M1〉p〈M2〉p and 〈∅〉p = 1.
(ii) (Orientation reversal)
〈−M〉p = 〈M〉p.
(iii) (Kauffman bracket relations) (See Fig. 1.)
Here the first equation in Fig. 4 means the following: assume that we have three
banded links K, K0, K∞, in a closed 3-manifold M , which are locally (in a
ball) given by the three diagrams appearing in the first equation. Then the three
corresponding 〈 〉p-invariants are related as indicated. The second equation means
that a banded link consisting of an unknotted component, lying in a ball disjoint
from the rest of the link, may be removed at the cost of a factor of δ.
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(iv) (Index one surgery)
There exists an invertible element η ∈ kp such that Zp(S0 ×D3) = ηZp(D1 ×
D2) ∈ Vp(S0 × S2).
(v) (Index two surgery)
There exists a linear combination ω′ =
∑
i λiLi of banded links in the solid
torus-(S1 ×D2) such that the following holds.
Let φ :−(S1 ×D2)→M be an embedding corresponding to a framed knot K ⊂M
(disjoint from the given banded link in M). Let M ′ be the result of index two surgery
along K (equipped with the same banded link as M ). Then
〈M ′〉p =
∑
i
λi〈Mi〉p,
where Mi is the manifold M with φ(Li) adjoined to the banded link in M .
Here surgery means p1-surgery. S3 is given a p1-structure which extends over the
4-ball. See [2] for details on p1-structure. If M is S3 with surgery along a framed link
L then there exists a linear combination ω′ of banded links in S1 × D2 such that if
L ⊂M −K then〈
(M,K)
〉
p
=
〈(
S3,K ∪ L(ω′))〉
p
= η
〈
K ∪ L(ω′)〉,
where L(ω′) is a linear combination of links obtained by inserting a copy of ω′ in a
neighborhood of each component of the framed link L. We illustrate these ideas by taking
M = S1 × S2 since this will be useful later. We have S1 × S2 = S3(U). Where S3(U)
is S3 with surgery along the knot U and U is the unknot with 0 framing. Index two
surgery axiom then gives us the equation below.
〈S1 × S2, L〉p =
〈
S3(U), L
〉
p
=
〈
S3, L ∪ U(ω′)〉
p
. (See Fig. 5.)
〈 〉
p
=
〈 〉
p
Fig. 5.
Here on the left L is in S1 × S2 and the link on the right is in S3.
We now give the universal construction of Vp(Σ) as given by Blanchet et al. [2]. By a
surface with structure, we mean a surface together with a collection of banded points and
a p1-structure. If Σ is a surface with structure, let Vp(Σ) be the module freely generated
by the set M(Σ) of 3-manifolds with structure and boundary ∂M identified with Σ.
Let M,M ′ ∈ Vp(Σ) and consider the invariant 〈M ∪Σ −M ′〉p ∈ kp. This defines a
sesquilinear form 〈,〉Σ on Vp(Σ).
〈M,M ′〉Σ = 〈M ∪Σ −M ′〉p.
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This is a Hermitian form since 〈−M〉p = 〈M〉p, i.e., the left kernel is equal to the
right kernel. The kernel of this form is called the radical of the form.
We now give the following definition from [2]. Let Vp(Σ) be the quotient of Vp(Σ)
by the radical of the form and let
Zp :Vp(Σ)→ Vp(Σ)
be the quotient map. Vp(Σ) has finite rank [2].
The form 〈,〉Σ descends to a well defined nondegenerate form on Vp(Σ). We will still
denote the form on Vp(Σ) by 〈,〉Σ . One can extend 〈 〉p to 3-manifolds with colored
structure. A 3-manifold with colored structure is a closed oriented 3-manifold together
with a colored banded trivalent graph and a p1-structure. By a coloring of a graph G
we mean the assignment of a number c between 0 and p − 1 to the edges of G such
that the colors meeting at a 2-valent vertex coincide and the colors meeting at a trivalent
vertex form an admissible triple. A triple of nonnegative integers (a, b, c) is defined to
be admissible if a + b + c is even, a + b + c 6 2(p − 2) and a 6 b + c, b 6 a + c
and c 6 a+ b. The invariant of a 3-manifold (M,G) with colored structure is given by
the invariant of (M,E(G)) where E(G) is the expansion of the graph G [2]. A surface
with colored structure is a closed oriented surface together with a collection of colored
banded points and a p1-structure. The theory above holds for the enlarged category, we
follow the notation in [2] and denote this category by Cp1,c2,p−1, whose objects are surfaces
with colored structure, whose morphism set from an object Σ to an object Σ′ is the set
of 3-manifolds with colored structure and boundary—Σ qΣ′. Let Σ and Σ′ be objects
in Cp1,c2,p−1 and M be a morphism from ∅ to Σ, i.e., ∂M = Σ. Also let N be a morphism
from Σ to Σ′, then the assignment M →M ∪N defines a linear map:
ZN :Vp(Σ)→ Vp(Σ′).
Hence Vp may be viewed as a functor from the category Cp1,c2,p−1 to the category of
kp-modules. It is a quantization functor.
A quantization functor [2] must satisfy the following conditions:
(Q1) Vp(∅) = kp;
(Q2) 〈Zp(M1), Zp(M2)〉Σ = 〈M1 ∪Σ M2〉p.
Proposition 2.3 [2, 1.9]. If M is a connected 3-manifold with structure, with ∂M =
(Σ, `) then the linear map
εM :K(M, `)→ Vp(Σ, `),
given by L 7→ Zp(M,L) is surjective.
Moreover, if M ′ denotes another connected 3-manifold with structure with ∂M ′ =
(Σ, `), then the kernel of the above map is the left kernel of the sesquilinear form
〈,〉(M,M′) :K(M, `)×K(M ′, `)→ kp
given by
〈L,L′〉(M,M′) = 〈M ∪Σ −M ′, L ∪` −L′〉Σ .
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The same proposition holds for surfaces with colored structure by the same proof. It is
sometimes convenient to study TLn by means of planar projections. In this way, D2× I
is deformed into a rectangle. Hence T (f (n)) is now on an annulus. Let T (f (n)) = Sn(α)
where α denotes the annulus with one closed loop around it and also let
ω =
p−2∑
n=0
∆nSn(α).
α0 is the empty diagram in the annulus and αn denotes an annulus with n closed loops
around it since multiplication of a diagram in an annulus with a diagram in another
annulus can be formed by identifying one boundary component from each annulus. The
ω used by Lickorish [8] is related to ω′ (also denoted by ω in [2]) by ω′ = (1/2)ηω,
where η = 〈S3〉p is a constant.
We now give Theorem 2.4 [2, 4.14] below. It will be later used to calculate Vp(Σ).
Let Σ be a surface with colored structure and ` be the colored link in Σ. Choose a
banded trivalent graph G in a handlebody H such that H deformation retracts to G. We
also have ∂H = Σ and ∂G = `. For each admissible coloring σ of G compatible with
a coloring of `, we have an element µσ ∈ Vp(Σ). We associate to σ a cellular 1-chain
γ(σ) ∈ C1(G;Z2) by setting γ(σ) =
∑
e σ(e)e (the sum is over all edges e of G). The
boundary of γ(σ) is the 0-chain
∂γ(σ) =
∑
ν∈`
iνν ∈ C0(G;Z2).
Here iν is the color of the banded point ν.
Theorem 2.4 [2]. Let Σ be a surface with colored structure and choose G as above.
Let γ ∈ C1(G;Z2) be such that ∂γ =
∑
ν∈` iνν. Then {µσ: γ(σ) = γ} forms a basis
of Vp(Σ).
2.3. Lickorish’s lemma, recoupling theory and fusion
We now introduce Lickorish’s lemma [8] below. Lickorish’s lemma is used extensively
in our work.
Lemma 2.5 [8]. The element of TLn shown in Fig. 6 is zero as a map of the outsides
if 1 6 n 6 p− 3 and is the same as the map given by 〈U(ω)〉f (p−2) when n = p− 2.
Also the element shown in Fig. 7 is zero as a map of the outsides.
Fig. 6. Fig. 7.
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Here
〈U(ω)〉 =
p−2∑
n=0
∆2n = −
2p
(A2 −A−2)2
is the Kauffman bracket [6] of U(ω) and U is the unknot with zero framing. Here
we view TLn as K(D3, `2n). Hence the links above (i.e., in Lickorish’s lemma) may
be viewed as being in D3. But elements of K(D3, `2n) can be viewed as elements of
Vp(S
2, `2n). Then when the lemma states that an element is zero as a map of the outsides,
for instance, it means that the element of Vp(S2, `2n) represented by the diagram is zero.
Hence if we pair (that is if glue along (S2, `2n)) the (D3, L) represented by the diagram
with any other (D3, L′), then the invariant of the resulting (S3, L ∪ −L′) is zero. Thus
for 1 6 n 6 p− 3, for instance, the evaluation of the invariant in Fig. 8 gives zero.
〈 〉
p
Fig. 8.
Where the ellipse shape (in Fig. 8) represents (S2, `2n) along which the gluing takes
place, and inside the ellipse is an element (D3, L′) of K(D3, `2n). We note that the
lemma holds if we replace ω by ω′. We now evaluate Cf(p−2) as defined in Fig. 9. (See
Fig. 9.) The annulus represents S1 × S2.
Cf(p−2) =
〈 〉
p
Fig. 9.
Let 〈U(ω′)〉 be the Kauffman bracket of U(ω′) and f (p−2) be the closure of f (p−2)
in S3. We note that
Cf(p−2) =
〈
S3, U(ω′) ∪ f (p−2)〉
p
.
But Lickorish’s lemma (when n = p− 2) gives:〈
S3, U(ω′) ∪ f (p−2)〉
p
= 〈S3〉p
〈
U(ω′)
〉〈
f (p−2)
〉
.
Also
〈S1 × S2〉p = 〈S3, U(ω′)〉 = 〈S3〉p
〈
U(ω′)
〉
.
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Thus Cf(p−2) = 〈S1 × S2〉p = 1 since 〈f (p−2)〉 = ∆p−2 = 1.
We note that alternatively one can use the fact that T (f (p−2)) = T (f (0)) in Vp(S1×S1)
[2]. We now consider some elements of recoupling theory [8,7]. Let the diagram on the
left of Fig. 10, denote the element of the skein module of a disk with three points on
boundary colored a, b and c shown on right in Fig. 10.
Fig. 10.
The element above is zero when viewed as an element of Vp(S2, `) if (a, b, c) is not
admissible, where ` is the link consisting of three banded points colored a, b and c. In
fact, Vp(S2, `) is free on the set of elements like the one depicted on the right in Fig. 10
if (a, b, c) is admissible. We also have the following identity (see Fig. 11).
=
δa,dθ(a, b, c)
∆a
Fig. 11.
The constant θ(a, b, c) can be determined by closing the diagrams like braid diagrams.
[7] gives an explicit evaluation of θ(a, b, c). Now consider the following (see Fig. 12).
Fig. 12.
If we now let `′ be four banded points colored a, b, c and d, then Vp(S2, `′) is free on
the set elements like the one in Fig. 12. Where j is such that both (a, b, j) and (c, d, j)
are admissible. The quantum 6j-symbols [7] give us the change of basis as as shown in
Fig. 13.
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=
∑
i
{
a b i
c d j
}
Fig. 13.
In the special case where j = 0, we get the following (see Fig. 14).
=
∑
i
∆i
(a, b, i)
Fig. 14.
Two applications of the identity in Fig. 14 lead to the fusion rule [7] for three-colored
strands below. The summation in Fig. 15 is over i such that (a, b, i) is admissible and k
such that (c, i, k) is admissible.
=
∑
i,k
∆i∆k
θ(a, b, i)θ(c, i, k)
Fig. 15.
Repeated applications of Fig. 14 allows one to “fuse” together any number of strands.
We note that if the sum of the colors of strands being fused together is odd (respectively
even), then k as in Fig. 15 is odd (respectively even).
3. Generalized tensor product formula for Vp
We now state the generalized tensor product formula for Vp. Recall that Ŝ2 denotes a
2-sphere with a single point colored p− 2.
Theorem 3.1. For all closed oriented surfaces with structure Σ1, Σ2, the map(
Vp(Σ1) ⊗ Vp(Σ2)
) ⊕ (Vp(Σ1 q Ŝ2) ⊗ Vp(−Ŝ2 qΣ2)) → Vp(Σ1 qΣ2)
Zp(M1) ⊗ Zp(M2) 7→ Zp(M1 qM2)
Zp(M3) ⊗ Zp(M4) 7→ Zp(M3 ∪Ŝ2 M4)
is an isomorphism.
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Theorem 3.1 follows easily from the following lemmas. We note that if Σ is odd,
then Vp(Σ) = 0. Similarly, if Σ is even, then V̂p(Σ) = 0. Thus according to [2], the
above theorem holds if at least one of the surfaces is even. We will use V̂p(Σ) to denote
Vp(Σ q Ŝ2) and V̂ ′p(Σ) to denote Vp(−Ŝ2 qΣ). We note that an orientation preserving
map between Ŝ2 and −Ŝ2 (or equivalently an orientation reversing automorphism of Ŝ2)
induces an isomorphism between V̂p(Σ) and V̂ ′p(Σ).
Lemma 3.2. If Σ1 and Σ2 are odd connected surfaces with colored structure, then
V̂p(Σ1)⊗ V̂ ′p(Σ2)→ Vp(Σ1 qΣ2)
is an isomorphism.
Proof. Let (M,L) in Vp(Σ1 qΣ2) be a 3-manifold described in the following manner:
take a handlebody H1 whose boundary is Σ1, insert a handlebody H2 whose boundary
is −Σ2 inside a 3-ball B contained in H1 and delete the interior of H2. We note that
Proposition 2.3 allows us to choose such an M for the calculation of Vp(Σ1 q Σ2).
Consider a 3-ball B′ centered at a point on the 2-sphere which is the boundary of B. We
may, after possibly isotoping L, assume L intersects B′ in parallel strands (see Fig. 16).
(M,L) =
Fig. 16.
We use an example of three strands of L colored a, b and c intersecting the 3-ball.
We use fusion to get Fig. 17.
(M,L) =
∑
i,k
∆i∆k
θ(a, b, i)θ(c, i, k)
Fig. 17.
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Fig. 18.
〈 〉
p
Fig. 19.
The summation in Fig. 17 is over i and k such that (a, b, i) and (c, i, k) are both
admissible. We note that 0 6 k 6 p − 2. Since each Σi is odd for i = 1 and 2, k is
odd and thus k 6= 0. Let (M,Lk) be the element given by the diagram in Fig. 17. We
now show that if k 6= p − 2, then (M,Lk) is zero in Vp(Σ1 q Σ2). Fig. 18 shows an
embedding of M in S1 × S2. We view the outer S2 as being identified with the inner
S2. Let M ′ denote the complement of the interior of M in S1 × S2. Suppose L′ is any
banded link in M ′ such that ∂(M ′, L′) = Σ1 qΣ2. We now form (M ∪M ′, Lk ∪ L′).
(M ′, L′) corresponds to the shaded region in Fig. 18.
Then we have:
〈M ∪Σ1qΣ2 M ′, Lk ∪ L′〉p = 〈S1 × S2, Lk ∪ L′〉p =
〈
S3, U(ω) ∪ (Lk ∪ L′)
〉
p
.
But 〈S3, U(ω) ∪ (Lk ∪ L′)〉p is equal to the evaluation in Fig. 19.
The link in Fig. 19 is in S3 and the shaded region contains L′. The invariant evaluated
in Fig. 19 is zero by Lickorish’s lemma. Hence we have shown that (M,L) can be
written as a linear combination of elements of the form (M,Lp−2). Thus the map is
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Fig. 20.
surjective. If L intersected the 3-ball (see Fig. 16) some other number of strands than
three, the same argument works.
Let H1 be a handlebody embedded in a 3-ball and ∂H1 = Σ1. Let H2 be a handlebody
that is embedded in a 3-ball that is contained in H1 with ∂H2 = Σ2. Choose a 3-ball
contained in H2 and delete its interior (see Fig. 20). Identify the outer S2 with the
inner S2. Let A, B, X and Y be the 3-manifolds as shown in Fig. 20.
Let {xi} be a basis for V̂p(Σ1) and {yj} be a basis for V̂ ′p(Σ2). Let Xi = (X,Li),
say, represent the basis element xi (see Proposition 2.3). Also let Yj = (Y,L′j) represent
the basis element yj . Let∑
i,j
cij(Xi ∪Ŝ2 Yj) = 0 ∈ Vp(Σ1 qΣ2).
We want to show that
∑
i,jcij Xi ⊗ Yj = 0 ∈ V̂p(Σ1) ⊗ V̂ ′p(Σ2). Let a represent an
element of V̂ ′p(−Σ1), where the underlying manifold of a is A. Similarly let b represent an
element of V̂p(−Σ2), where the underlying manifold of b is B.
∑
i,j cij(Xi ∪Ŝ2 Yj) = 0
in Vp(Σ1 qΣ2) implies that∑
i,j
cij
〈(
Xi ∪Ŝ2 Yj
) ∪ (a ∪
Ŝ2
b
)〉
p
= 0.
Then (Xi ∪Ŝ2 Yj) ∪ (a ∪Ŝ2 b) is shown in Fig. 21, where the outer S2 is glued to the
inner S2.
We want to consider Fig. 22 where each annulus represents S1 × S2 and show the
equality holds.
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Fig. 21.
〈 〉
p
=
〈 〉
p
Fig. 22.
λ
〈 〉
= λ1
〈 〉
λ2
〈 〉
Fig. 23.
We now proceed to show why the two evaluations of the invariant in Fig. 22 are
equal. We expand the colored graph in Fig. 22 except at each Ŝ2. Since f (p−2)ei = 0
for 1 6 i 6 p − 3, we either have both sides equal to zero or we get the equation in
Fig. 23. We recall that Cf(p−2) = 1 and note that we have the same trivial loops (i.e.,
loops that bound a disk in S1 × S2) at Σi for i = 1, 2 on both sides of the equality
sign in Fig. 22. If we assume that the sum of trivial loops at Σ1 and Σ2 is n and they
are colored j1, . . . , jn, then λ =
∏n
k=1 ∆jk = λ1λ2. Hence the two sides of Fig. 23 are
equal since Cf(p−2) = 1.
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We have thus verified the equation in Fig. 22. We thus have
0 =
∑
i,j
cij〈(Xi ∪ Yj) ∪ (a ∪ b)〉p =
∑
i,j
cij〈Xi ∪ a〉p〈Yj ∪ b〉p.
Let X∗i and Y ∗j denote the respective dual basis elements. Since Vp(−Σ) is isomorphic
to Vp(Σ)∗ [2], we have both V̂ ′p(−Σ1) = (V̂p(Σ1))∗ and V̂p(−Σ2) = (V̂ ′p(Σ2))∗. Put
a = X∗i and b = Y ∗j . This gives cij = 0. This argument holds for any i and j, so∑
i,jcij Xi ⊗ Yj = 0. Hence the map is injective. 2
Recall that if Σ1 or Σ2 is even, then Vp(Σ1qΣ2)is isomorphic to Vp(Σ1)⊗Vp(Σ2) [2].
Lemma 3.3. Let Σ1 and Σ2 be odd surfaces with colored structure. Also let Σ1 be
connected. Then V̂p(Σ1)⊗ V̂ ′p(Σ2)→ Vp(Σ1 qΣ2) is an isomorphism.
Proof. If Σ2 is connected, this is the case that was proved in Lemma 3.2. Hence assume
Σ2 has at least two components. We will use the equality sign to denote isomorphism of
modules. Let Σ2 = Σ′2 qΣ′′2 where Σ′2 is connected and odd and thus Σ′′2 is even. We
have the following:
Vp(Σ1 qΣ2) = Vp(Σ1 qΣ′2 qΣ′′2 )
= Vp
(
(Σ1 qΣ′2)qΣ′′2
)
= Vp(Σ1 qΣ′2)⊗ Vp(Σ′′2 )
= V̂p(Σ1)⊗ V̂ ′p(Σ′2)⊗ Vp(Σ′′2 ).
The third equality holds since both Σ1 qΣ′2 and Σ′′2 are even. The last equality is given
by Lemma 3.2
We note that we would be through if we can show that V̂ ′p(Σ′2)⊗ Vp(Σ′′2 ) = V̂ ′p(Σ2).
We proceed as shown below.
V̂ ′p(Σ2) = V̂
′
p(Σ
′
2 qΣ′′2 )
= Vp(Σ
′
2 qΣ′′2 q−Ŝ2)
= Vp
(
(Σ′2 q−Ŝ2)qΣ′′2
)
= Vp(Σ
′
2 q−Ŝ2)⊗ Vp(Σ′′2 )
= V̂ ′p(Σ
′
2)⊗ Vp(Σ′′2 ).
The fourth equality holds since both Σ′2 q Ŝ2 and Σ′′2 are even. Hence we get
Vp(Σ1 qΣ2) = V̂p(Σ1)⊗ V̂ ′p(Σ2)
for Σ1 connected. 2
Lemma 3.4. Vp(Σ1 qΣ2) = V̂p(Σ1)⊗ V̂ ′p(Σ2) for Σ1 and Σ2 odd and not necessarily
connected.
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Proof. By Lemma 3.3, the lemma holds if Σ1 is connected. We will use induction on
the number of components of Σ1 for the proof. Let us assume that Vp(Σ3 q Σ2) =
V̂p(Σ3)⊗ V̂ ′p(Σ2) for Σ3 odd and the number of components of Σ3 less than the number
of components of Σ1. Let Σ1 = Σ′1 q Σ′′1 where Σ′1 is even and Σ′′1 is odd. Then we
have the following:
Vp(Σ1 qΣ2) = Vp(Σ′1 qΣ′′1 qΣ2)
= Vp
(
Σ′1 q (Σ′′1 qΣ2)
)
= Vp(Σ
′
1)⊗ Vp(Σ′′1 qΣ2).
The last equation holds since both Σ′1 and Σ′′1 qΣ2 are even.
By the induction step, Vp(Σ′′1 qΣ2) = V̂p(Σ′′1 )⊗ V̂ ′p(Σ2).
We thus get Vp(Σ1 qΣ2) = Vp(Σ′1)⊗ V̂p(Σ′′1 )⊗ V̂ ′p(Σ2). We note that
V̂p(Σ1) = V̂p(Σ
′
1 qΣ′′1 )
= Vp(Σ
′
1 qΣ′′1 q Ŝ2)
= Vp
(
Σ′1 q (Σ′′1 q Ŝ2)
)
= Vp(Σ
′
1)⊗ Vp(Σ′′1 q Ŝ2)
= Vp(Σ
′
1)⊗ V̂p(Σ′′1 ).
The fourth equation holds since both Σ′1 and Σ′′1 q Ŝ2 are even.
Hence we have Vp(Σ1 qΣ2) = V̂p(Σ1)⊗ V̂ ′p(Σ2). 2
4. Calculations of V̂p(Σ)
The following theorem reduces the calculation of V̂p(Σ, `) to the calculation of
Vp(Σ, ` q p − 2) as in [2]. Theorem 2.4 shows how the rank of Vp(Σ, ` q p − 2)
may be determined. Moreover, it follows from Theorems 2.4, 3.1 and 4.1 that Vp(Σ) is
a free module of finite rank for any Σ.
Theorem 4.1. If Σ is connected, there is an isomorphism α(Σ,`) :Vp(Σ, ` q p − 2) →
V̂p(Σ, `).
Proof. Let H be a handlebody with ∂H = Σ. Glue Σ × I − D3 on the boundary
of H . Denote the resulting the 3-manifold by H ′. Let H ′ be embedded in a 3-ball. The
isormophism is then defined by taking a 3-manifold with colored structure (H,L) whose
boundary is (Σ, `q p− 2) and extending the p− 2 colored strand to S2 and the rest of
the strands to the outer Σ so that they are parallel between ∂H and the outer Σ (see
Fig. 24).
We first show the map is surjective. Let (H ′, L′) be a 3-manifold with colored structure
such that ∂(H ′, L′) = (Σ, `)q Ŝ2. Isotope its strands so that they are straight outside H .
This shows that the map is surjective.
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Fig. 24.
Fig. 25.
We now show that the map is injective. Let {a1, a2, . . . , an} represent a basis of
Vp(Σ, ` q p − 2) where ai = (H,Li) for some link Li. Let ai = (H ′, Li′), say, be
the image of ai under the map described above. Identify the outer S2 and inner S2 in
Fig. 25 and let N be the complement of the interior of H ′ in the resulting S1 × S2. Let
{b1, . . . , bn} represent a basis of Vp(−(Σ, `qp−2)), where bj = (N,L′j) for some link
L′j . We have a similar map from Vp(−(Σ, ` q p − 2)) to V̂ ′p(−Σ, `). We let bj be the
image of bj under this map. In Fig. 25 we have ai “inside” and bj is “outside”. Then
ai ∪ bj is formed by identifying the two 2-spheres to get S1 × S2 as the underlying
manifold.
Hence if 〈ai,−bj〉 = 〈(S3, Lij)〉p, then
〈ai,−bj〉 =
〈
(S1 × S2, Lij)
〉
p
=
〈
(S3, U(ω′) ∪ Lij)
〉
p
.
By Lickorish’s lemma, 〈(S3, U(ω′) ∪ Lij)〉 = 〈U(ω′)〉〈(S3, Lij)〉p.
Hence 〈ai,−bj〉 = 〈U(ω′)〉〈ai,−bj〉. So Det〈ai,−bj〉 is nonzero. Hence the map is
injective. 2
Corollary 4.2. For Σ connected and j odd, V̂p(Σ, j) ≈ Vp(Σ, p− 2− j).
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Fig. 26.
Fig. 27.
Fig. 28.
Proof. By Theorem 4.1, it suffices to consider Vp(Σ, j q p − 2). Suppose the trivalent
graph that gives a basis of Vp(Σ, j q p − 2) is as given in Fig. 26 (see Theorem 2.4).
The colors meeting at a trivalent vertex are required to be admissible. Also all the other
colors, except p− 2 and j, are even.
The admissibility conditions force k to be equal to p− 2− j. Then the trivalent graph
in Fig. 27 determines a basis of Vp(Σ, j q p− 2). 2
If Σ is a torus, we get the following corollary:
Corollary 4.3. For j odd, the rank of V̂p(S1 × S1, j) is (j + 1)/2.
Proof. By the Corollary 4.2 above, it suffices to consider Vp(S1×S1, p−2−j). A basis
of Vp(S1 × S1, p − 2 − j) is given by elements shown in Fig. 28 where i is such that
(i, i, p− 2− j) is admissible and i is even. We use Theorem 2.4.
The admissibility conditions give us the following inequalities:
2i+ p− 2− j 6 2p− 4 and p− 2− j 6 2i.
Thus p−2− j 6 2i 6 p−2 + j. We have (j + 1)/2 admissible even colorings. Hence
the rank of V̂p(S1 × S1, j) is (j + 1)/2. 2
It also follows from Theorem 4.1 that V̂p(S2, `) is trivial if ` is a link whose colorsum
is less than p− 2. This result is given in the following proposition.
Proposition 4.4. Let ` be a link whose colorsum is less than p− 2, then V̂p(S2, `) = 0.
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Fig. 29.
Proof. There are no admissible coloring of a trivalent graph that represents basis elements
of Vp(S2, `q p− 2).
We also give an alternative proof to a result in [2]. 2
Proposition 4.5 [2]. V̂p(S2, p− 2) = kp.
Proof. There is a unique admissible coloring of a trivalent graph that represents a basis
of Vp(S2, p− 2q p− 2). 2
We now investigate the rank of V̂p(S2, p+ 2k). We note that we had originally cal-
culated the rank of V̂p(S2, p+ 2k) for k = 0, 1, 2, 3. Subsequently, Richard Litherland
using our methods calculated the rank of V̂p(S2, p+ 2k) for k a nonnegative integer.
We now proceed to describe a basis of Vp(S2, p+ 2k q p − 2). Choose G(p, k) a
trivalent graph as in Theorem 2.4 and let σ be a coloring of G(p, k). Also let γ and γ(σ)
be as described in Theorem 2.4. For each σ, γ(σ) is the same γ ∈ C1(G;Z2). Hence a
basis of Vp(S2, p+ 2kq p− 2) is given by the set of elements shown in Fig. 29, where
colors meeting at each trivalent vertex are admissible.
Let
C = {(a1, a2, . . . , ap+2k): a1 = 1, ap+2k = p− 2}
and colors meeting at each vertex are admissible}. Also let C(p, k) be the number of
elements of C. Then the rank of Vp(S2, p+ 2k q p− 2) is C(p, k).
Theorem 4.6. The rank of V̂p(S2, p+ 2k) is C(p, k).
Proof. Theorem 4.1 gives us that V̂p(S2, p+ 2k) is isomorphic to Vp(S2, p+ 2k q p−
2). 2
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Litherland initially derived the formula for C(p, k) below using our methods [4] and
subsequently realized that he could use induction.
Theorem 4.7 (Litherland).
C(p, k) =
∑
j>0
[(
p+ 2k − 1
k + 1− jp
)
−
(
p+ 2k − 1
k − jp
)
−
(
p+ 2k − 1
k − 1− jp
)
+
(
p+ 2k − 1
k − 2− jp
)]
,
where
(
n
m
)
= 0 for m < 0.
Proof. Let s, t, α, and β be nonnegative integers with s ≡ t (mod 2). Let Nβα(s, t) be
the number of sequences (a0, a1, . . . , as) such that a0 = 0, as = t, ai = ai−1 ± 1 for
1 6 i 6 s, and α < ai < t+ β for 0 6 i 6 s.
Remark. C(p, k) = N 12 (p+ 2k − 1, p− 3).
Claim. If d = (s− t)/2 and m = t+ α+ β, then Nβα (s, t) is equal to∑
j>0
[(
s
d− jm
)
−
(
s
d− α− jm
)
−
(
s
d− β − jm
)
+
(
s
d− α− β − jm
)]
.
It is easy to see that the numbers Nβα(s, t) satisfy, and are determined by, the relations:
(1) Nβα (s, t) = 0 if α = 0 or β = 0.
(2) Nβα (0, 0) = 1 if α, β > 0.
(3) Nβα (0, t) = 0 if α, β, t > 0.
(4) Nβα (s, 0) = Nβ−1α (s− 1, 1) +Nα−1β (s− 1, 1) if α, β, s > 0.
(5) Nβα (s, t) = Nβ−1α (s− 1, t+ 1) +Nβ+1α (s− 1, t− 1) if α, β, s, t > 0.
Therefore, if we let N̂βα (s, t) be the sum of binomial coefficients given above, it is
enough to show that the N̂βα (s, t) satisfy the same relations. This is easily done using
the relation(
n
r
)
=
(
n− 1
r
)
+
(
n− 1
r − 1
)
;
we leave the details to the reader.
Remark. Actually (4) above is slightly tricky. Here are the details. We have
N̂β−1α (s− 1, 1)
=
∑
j>0
[(
s− 1
s/2− 1− j(α+ β)
)
−
(
s− 1
s/2− 1− j(α+ β)− α
)
−
(
s− 1
s/2− j(α+ β)− β
)
+
(
s− 1
s/2− (j + 1)(α+ β)
)]
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=
(
s− 1
s/2− 1
)
+
∑
j>0
[
−
(
s− 1
s/2− 1− j(α + β)− α
)
−
(
s− 1
s/2− j(α + β)− β
)
+
(
s
s/2− (j + 1)(α+ β)
)]
.
and similarly
N̂α−1β (s− 1, 1)
=
(
s− 1
s/2− 1
)
+
∑
j>0
[
−
(
s− 1
s/2− j(α+ β)− α
)
−
(
s− 1
s/2− 1− j(α+ β) − β
)
+ 2
(
s
s/2− (j + 1)(α+ β)
)]
.
Therefore
N̂β−1α (s− 1, 1) + N̂α−1β (s− 1, 1)
=
(
s
s/2
)
+
∑
j>0
[
−
(
s
s/2− j(α + β)− α
)
−
(
s
s/2− j(α + β)− β
)
+
(
s
s/2− (j + 1)(α+ β)
)]
=
∑
j>0
[(
s
s/2− j(α+ β)
)
−
(
s
s/2− j(α+ β)− α
)
−
(
s
s/2− j(α+ β)− β
)
+
(
s
s/2− (j + 1)(α+ β)
)]
= N̂βα(s, 0).
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